
Lecture 7 2025-09-16

Last time: KKT conditions for inequality

constrained

optimization

Today: primal-dual interior point method

for convex quadratic programs
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Want to enforce 5=0 → without Lagrange multipliers

→ don't enforce 5=0 explicitly



→ don't enforce 5=0 explicitly

→ penalize violations to implicitly enforce 5=0

e. g. suppose we have some constraint u≤O

add penalty to violation:

I_ (u)

Em (u)

smooth approximation: Em (u) = -log/-u)

log (u) log (u) -log (u)

→ if we have 5=0 SERP

→ Im (-s) =-m.EE, log (se)

→ convert QP to barrier form:

MIN ExtPx+pTx my Ext Px + pixt Em (-s)

I_ (u) =
O if Uso

otherwise

where m>O



Ax=b
subj-to: bx ≤ h

as
my 

Ax-b
subj. to: bx + s-h

5=0

NOTE: as M → O, recover original solution

How to solve this barrier-form QP?

→ write Lagrangian and take Taylor expansion

h (x, s, y, z) = ExtPx + ptx+ Em (-s) + yt(Ax-b) + E (bxts-h)

N. C. O:

(1) 7×4 (x, s" , y*, Z*) =Px*+p + Aty"+ 6Tz*



(2) Dyk (✗ *, s", yTZ*) -

(3) TzL(x*, s" , y',Z*) =

(4) ☐ shex" , s", y",z*) = z"-Ms'

Em (-s) = -M EE, log (si)

s Eml-s) = -ms' =

Axt-b

6x" + 5- h

= Px + p+ATy+GTz

so Z -M

Gxts-h

Ax-b

Define: D (s) =
St .

Sp
D (z) =

Z,

" "i- zp

- M/s,
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- M/sp

→ r (x, s, y, Z)

Use same approach as last time: given ( , 5, 5,7),

take Taylor series expansion and solve

for LAX, Ds, Δy, Δz) to find r (x" , s*, y*, 27) = 0

→ ✓ (x, s, y, z) ≈ r( , 5, 5, E) + ⅔ DX + Is Ds + ⅔yΔy+½z

compute partials:
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Residual vector

(note minus sign in

front)

NOTE: KKT matrix depends on 5 and E term,

so this linear system must be resolved at

each iteration

KKT matrix

Primal-Dual Interior Point Method

1. Solve for (x°, 1 40,20) such that 5=0 and 20>0

2. Construct KKT matrix using 1×+1, s", y", zh)

for k = 1 → Nmax

Compute residual vector using 1×4, s", y", z")

Solve for affine step (DX off, Asaf, Dyaff, Δzhff)

3.

4.



Solve for centering-corrector step (Axle, Ask, Dyck, Dzle)

Line search a > 0 such that s"20 and zʰ≥0

✗ k = x"+ a (Axaff + Dx Ec)

s '= S"'+ d (Δ share + Asce) = O

yk = yk'+ a (Dykff + Dyck)

ZR = zⁿ' + d (Δzfff + ΔzE) 20

if I/ residual (x", s", y' , 24112 ≤ Etol

break

5.

6.

7.

To recap!

1- Applied the generic N.CO. from last time

to a convex QP



2. Introduced a barrier function to enforce

inequality constraints " implicitly"at each

iteration

3. Derived N-C. 0. for the Lagrangian

corresponding

to barrier QP-reformulation

4. Defined a residual function for these N.CO.

and derived KKP system


