
Lecture 6 2025-09-11

Last time: Newton's method with equality con.

Today: N. C. 0. with inequality constraints

Review necessary conditions of optimality:

if * is an optimizer, then it must satisfy:

Unconstrained Equality Constrained

level curves

of f (x)

h (x)-0

Min flx)
feel

men FCx)

subj. to: h (x)-0

f, hee

N. C. 0.!

Tx f(x*)-0 ☐ ✗ F(x*) + y#Oxhi (x * 1 = 0



hi (x *)-o

succinctly

L (x, y)-flx) + yihilx)

☐ ✗ 4(xᵗ, y *)-o

☐ gLCx*, y*) = 0
r (x, y)

Recall: for equality constrained optimization, invert

KKT matrix: H A

At 0

1. A is full rank

2. Hessian is positive definite ∀x

e.g. quadratic program with equality



constraints

min Ext Px+ptx
×

subj. to: Ax = b

✗ ∈ 112"

Aerman

PE Sn

belrm

(i. e. P is a positive definite matrix

of size 112"")

→ this ensures text (x) is positive definite

L (x, y) = ExtPX + pix + yᵗ(Ax-b)

→ 7×4 (x, y)-Px + p + Aty:-

Dyk (x, y)- Ax-b : =

given ×" set. Ax 10-6=0, can use feasible-start

Newton method:

Vx if (x) = Px + p Txx f (x) =P



⇒
- (Px:P)

p

A

At ×
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Optimization with linear inequality constraints

start with nonlinear form:

my f(x)

subj. to: gi 1×7=0 ⇐ b- -ip

e. g. practical examples Up ≤ Umax UER"

4min ≤ Uk → Umin-Up ≤O



signed distance field: sd (xp) ≥r ⇒ r-sd (xp) ≤ O

XR

sder)

sdlXr)

How do we get necessary conditions of optimality?

two cases:

1. gelx) ≤O doesn't affect ✗ *



gelx)-0
9i(x)≥0

gilx)≤0

* remains the" same"

if gelx *) -0 Lie. constraint is inactive)

→ DxfCx*) =D

2. gi (x) ≤ 0 "influences" x"

→ gi (✗ " ) B active

go (x)-0 glx)-0

gelx) > 0

"similar " constraint as last time:

OFE)

Vg:(x*)



☐ FCx*) =-z Tx go (xt)

where z; > 0

of gelx"7-0

→ ¥fCx *) + zixVgelx*) 

Z: > 0

Putting this together:

if g (x *)-O 11 constraint

active

T×f(x*) + zit, gi (*) = 0

else 11 constraint

inactive

☐ ✗ f (x *) = 0

use complementarity constraint to put this succinfly:



(1) zit • gi (xt) = 0

(2) ☐ f (t) + z, ☐ gi (x) = 0

(3) gi(x*) =D

This yields:

if ge(x*) GO

to satisfy (1) , ZÉ =D

then plug into (2) , OF (X) 

else

gi (x) 0

☐ f(x*) + z; g (x)-0

ZEO

N. C. 0. for inequality constrained optimization:

L (x, y) = f (x) + ÷&z: gilx)

1. 7×4 (x", z*) = Tx f(x*) + EE, ZE Txgi(x*) = 0



2. z; h (x, 2*1 = gelx*) ≤ 0 5=1, --.jp

3. Z:*. gi (xt) = 5=1,..-gp

4. 2¥30 5=1, _.., p



Add back in equality constraints:

min flx) fig, herez

subj. to: gi (x) so 5=1,--sp

hi (x)-0 5=12...,m

L (x, y, z) = f (x) +.É. yihilx) + Σ zigi (x)

[= 1

1. TxLLx*, y*, 2- *) = Oxf(x) + IE, y#Vx h (x *) +:{ZE Vxg, (xt) :

2. Ty:L (✗ *, y*, z*) = hi (xt) = 0 [= 11...,m

3. Vz:L (✗ *, y*, z*)- gi (x) =D [= ly -r-i p

4. z#• gilt) = 0 [= /p..., P

5 z! ≥0 5=1 p



5. z! ≥0 5=1 r-r, p



y &Z are often called dual variables

x is the primal variable

Quadratic program with equality + inequality

constraints

my ExTPx+pTx PES? PEIR"

subj. to"6¥:L 112? E. "E.

to solve this, we'll introduce stack variable 5=0:

bx ≤n↔ 6*3:L selRP

use line searches to ensure 5=0 and 2=0

Llx, y, z, s) = ExtP x + ptx + yt(Ax-b) + zt(bxts-h)


