
Lecture 5 2025-09-09

Last time: rank-nullity theorem, least squares

Today: least norm, equality-constrained Newton

method

Revisit necessary conditions of optimality:

h (x) = 2

h (x) = + 1

> h (x) 

h (x) =-1

2

hex)

T: tangent to level surface

☐ h (x): points in direction of greatest

increase

1. steps along  remain on h (x)-0

2. steps along ± ☐ h (x) violate h (x)-0

Tf (x" )-MT +7 Ph (✗ (b)



Tf (x" )-MT +7 Ph (✗ (b)

(since  and their) are orthogonal)

> can only move along component of Tf (Xk)

parallel to 

→ stopping condition: at x*, there cannot be

a step we take in 3 direction

→ at ×": Vf (xt) = 7Th (xt)

e.g.

MI ×, + ½

subj. to: ✗ i + x2 -4 → h (x)-xp + x2-4 = 0
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tf(×) ×,

Oh (x)
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Oh/x)

☐ f (x)

Thx

Thlx)

TfLx7

VFLx)

pt. I

TFLx) - (+1, + 1) h (x)- (2×1,2×2)

Note there are two points satisfying N-C-O:

pt 1: TFCx)-+ 20h (x)

pt 2: OFC x) =-20h (x)

Least norm problem:

m×in Extx

subj. to: Ax=b where ↑mÉÉ) "and full



rank

defined: L (x, y) = f(x) + yt(Ax-b)

ye IRM is Lagrange multiplier

Tx L (✗ *, y *) = 0

L(x, y)-f (x) + yth (x) = Extx + yᵗ(Ax-b)

7×4 = × + Aty=0 → x =-Aty

Vyk = O = A x-b = -A Aty-b-o

- (AAT)-'b→ y =

→ plug back: ✗ =-Aty = AT (AAT)-'b

least norm solution: x" = AT (AAT)-' b



Generalize: min f (x) fee-(Hessian

exists)

subj. to Ax=b

and use Newton method to solve for x*

solution approach: find ✗ * such that N. C. 0.

satisfied

L(x)- f (x) + yt (Ax-b)

0×4 (x)-0

DyYCx*) =

N-C. 0.: Txf(x) + Aty

= Ax-b

define residual function:

r (x, y) = 7×4 (x, y)

Vyk (x, y)

→ solving for r (x, y) = 0solving for ✗ ×



solving for r (x, ysolving 

given reference ( , 5) , take Taylor expansion of r (x, y)

→ r (x, y) ≈ r ( , g) + ⅔x/⇔, ⇒Δx + * Hg, Ay °

Jacobian
w. r-t. y

Jacobian

w-r-t. ×

Jacobian w. r-t. x:

⅔ = ⅔VxLCxiy)

* tykx.gs//x.5)

⅔ (☐ f(x)+Aty)=

⅔ (Ax-b) )

= ( Dxxf( )

A )

Jacobian w.r.t.ly!

⅔ - ⅔ VxL(x, y)

¾ Ty L(×, y)

¾ (OFC×)+ATY

%/Ax-b)

AT

r (x, y) ≈ r( , 5) + Ex ↳ ⇒ DX + ⅔/≠, g) by

txf( ) + AT 5
Ax-b / + (Txxf( )

A
Δxt 1) Ay = 0

( ,y)



/ + (

r( ,y)

(constant term)
or/ax arlay

→ xxf( )

A

AT Δx

Δy

☐ ✗ F( ) + Atg

A -b

KKT matrix residual vector

Equality-constrand Newton method:

start with 1×10, y 103)

for k= 1 → Nmax

K = Construct KKT (x", y'£")

r = Compute Residual (✗ CKD, y '4-1))

(Dx, Δy) = Solve KKT (K, r)

a = Line Search (Δx, Dy,...)

x R = ✗ "I + a Ax

yk = yk-'+ a Dy



if 11 residual vector (x} yk) 112-E

break

Complexity

KKT matrix:
xx F( )

A

At

O

EIR (mtn) x (man)

since AE/Rmx" and text e R""

→ computing matrix inverse is O ((mtn) 3)



Alternate derivation (feasible start Newton

method)

Given  such that A  = b

solve for AXEN(A) such that

A(  + Dx) = A +AΔ✗ =b

min f(x)

sit. Ax-b

- >
may f( ) + Vxf( )TAx + ½AxTxxFC ) Dx

subj. to: A (✗ TAX) = b ⇔ A DX = 0



Taylor series expansion of f(x) w.it. 

→ L (Dx, g) =FL ) + Txt )TAX + ½ AT Vx F E) DX + y' ADX = O

AD x = 0

→ 7×4 = Txf( ) +

Dyk = A Δx = 0

xxf( ) Ax + Aty = 0

→ xxf( ) AT
A o)/%)- (OE)

(feasible start Newton because A  = b)

When is KKT matrix invertible?

(Txxif ( ) AT

A 0)

1. A has full (row) rank

2. Txxf( ) is positive definite ∀ x

↳ all eigenvalues of Hessian must be positive


