
Lecture 4 2025-09-04

Last time: smooth unconstrained

optimization

Today: smooth optimization with linear

equality constraints
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How to interpret Ax?
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so Ax is a linear combination of the columns of A



Define range and null space:

range (A) = {Ax 1 ✗ ∈ IR"} ≤ IRM

→ When is range (A) = IRM? → when A is full rank

rank A = dim range A = min (m, n)

# of linearly independent columns of A

null space: N (A) = {× / ✗ EIR" and Ax = O}

Rank-nullity theorem:

rank A + dim N(A) =n

Why does this matter? consider three cases of

full rank matrices
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rank A-n

dim NCA)-0
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dim ✓ (A)-0

men
rank A = m

dim ✓ (A) = n-m

e. g. , suppose A is wide (men) and full rank,

then

dm N (A) = n-m

so ∃ ✗ 2 EWCA) such that Ax_= 0

then if we have some ×, such that Ax, = b

then note that Alx, + x2) = Ax, + AXE = Axp b

→ in this case, there are many solutions to A x =b

- - -- - - - -

Now consider optimization problem for three cases

of Ax-b linear equality constraints:



Case 1: A is square and full rank

my f (x)

subj. to: Ax, → * = A'b

Case 2: A is tall and full rank

e. g. At 1123×2 (i.e. maps from 2D → 3D)

1R²
Ax

1123
b

Ax

HAX-6112

Don't necessarily have an ✗ such that Ax-b

→ minimize squared residual 11 Ax-b 11}

→ f (x) = ½ 1/Ax-bit}



= ½ (Ax-b) + (Ax-b)

= ½ (✗ TATA x-btAx-✗ + Ab + btb) stay = ✗ Tab

= ½/✗ + ATAX-2 (Atb)Tx + btb)

Tx f (x) = ½ (ZATAX-2A Tb)

= ATAX-Atb: =D

→ T -Tata FAT? Linear Least squares

 - - - --

e. g. , applications of LLS include signal

reconstruction

e.g., when the residual is of form f(x) = ½ I/v (x) 112

where r (x) is a nonlinear function of x, least

squares can iteratively be applied

→ nonlinear least squares (NLLS) is commonly

used in SLAM with the Gauss-Newton method



Case 3: AB wide and_full rank

A
At 12mn
men

rank (A)-m

dim WCA)-n-m

e.g., consider the dynamics constraint matrix for

a 2D spacecraft double integrator
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Xo = Xenit → to Finit



x, = Ax + Buo→ Axo + Buo-x,-0

X2-Ax, + Bu, → Ax, + Bu,-72-0

:

Xn = Axn.pt Bun, → Axn, + Bun-1-xw=O
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→ A  = 5 where

 ∈ RN+Dnx + Nnu

5 ∈ 1RN+Dnx

A ∈ RIN + Dnx ✗ Intin, + Nnn

OK, A is full rank and wide.

What are necessary conditions of optimality (N. C. O.)

Last time: for unconstrained optimization with feet,



→ N. C. 0: ☐ f (x *)-O

suppose we have linear constraints h (x) =

Ex-b-OER

consider level surfaces of h (x):

h (x) = 2

h (x) = 1

hex)-0

> h (x) =-1

☐ hex)

The gradient ☐ h (x) points in the direction of

greatest increase

h (x) = ctx-b

What's the connection between TF (x) and Th (x) at



a local optimizer *?

Thex) TFC×) h (x) =,

t

To remain along the constraint set h (x) =0,

we cannot move along ☐ h (x), which necessarily

moves along direction of greatest increase, and can

only move along the tangent direction  to h (x).

Thus, given some iterate x" , consider expressing the

descent direction d ' "=-Tx f (x'" ) along:

d ' "= JT + 7 ☐ h (x) for ye IR & XER

at the optimal solution x*, we cannot possibly have



a descent direction along 

h (x) = 0
☐ hex)

- Of (x)

ñ

Thus, if ✗ * is a local optimizer,

Tf (x *) = ↘ Th (Xt)

→ ioÉx*T onÉÉ♂

- -- - - - ---!

where the sign on X has been swapped for convenience

if there are m equality constraints, then this

condition holds as:



TJFCII.EE That ?

⟂-------1

Suppose we integrate this expression w.it. x:

define the Lagrangian:

L (x, x) = f (x) +?♀ The (x)

= f (x) + 7th (x)

we can now succintly rewrite the N-C. 0:

Tx K (x) = 0


