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• Last time: discussed connections between optimal control and reinforcement 
learning


• Today: differentiable optimization

• What


• How


• Why

Agenda



• We have focused on computing gradients with respect to decision variables

Computing gradients
Gradients with respect to decision variables

min
x

F(x) JxF(x)



• We have focused on computing gradients with respect to decision variables


• For constrained optimization, this extended to the dual variables

Computing gradients
Gradients with respect to decision variables

min
x

f(x)

 s.t.  g(x) ≤ 0,
h(x) = 0.

ℒ(x, y, z) = f(x) + Φ(s) + yTh(x) + zT(g(x) + s)

min
x

f(x) + Φ(s)

 s.t.  g(x) + s = 0,
h(x) = 0,
s ≥ 0.

min
x

F(x) JxF(x)



• We have focused on computing gradients with respect to decision variables


• For constrained optimization, this extended to the dual variables

Computing gradients
Gradients with respect to decision variables

r(x, y, z, s) =

∇xℒ
∇yℒ
∇zℒ
∇sℒ

= 0

min
x

F(x) JxF(x)



• There are also situations that arise when we compute gradients with respect 
to the parameters of the function

Computing gradients
Gradients with respect to parameters

min
θ

F(x, θ) JθF(x, θ)



• There are also situations that arise when we compute gradients with respect 
to the parameters of the function


• Recall: model-based reinforcement learning requires learning  in ϕ ̂fϕ

Computing gradients
Gradients with respect to parameters

Estimate ̂fϕ(xk, uk)

xk

uk
xk+1

ℒ(𝒟) =
1
Nd

Nd

∑
i=1

∥x(i)
k+1 − ̂fϕ(x(i)

k , u(i)
k )∥2

2

Need to compute ∇ϕℒ(𝒟)

min
θ

F(x, θ) JθF(x, θ)



• How can we compute gradients of an optimization problem with respect to ?θ

Computing gradients through MPC
Gradients through MPC

min
x

f(x; θ)

 s.t.  g(x; θ) ≤ 0,
h(x; θ) = 0.

θ (x*, y*, z*, s*)



Computing gradients through MPC
Physical intuition

How does a small change in  change the optimal trajectory ?x0 = xinit x*

Generalize this to: dynamics, cost function, constraints, etc.



• Suppose  and .  Given  such that , if  is 
invertible, then:

F ∈ 𝒞1 F : ℝnx × ℝnθ → ℝnx (x*, θ*) F(x*, θ*) = 0 JxF(x*, θ*)

Implicit function theorem

(1) There exists a neighborhood  of  and a differentiable function  such that 
 for all , and  is the unique solution in a neighborhood of .

U ⊂ ℝnθ θ* x(θ)
F(x(θ), θ) = 0 θ ∈ U x(θ) x*

(2)  is  differentiable on  withx( ⋅ ) 𝒞1 U

Jθx(θ) = − (JxF(x, θ))−1JθF(x, θ)

∂x(θ)
∂θ

= − (∂F(x, θ)
∂x )−1 ∂F(x, θ)

∂θ



• For optimization problems, let  be the residual function:


• IFT then gives:

F(x, θ)

Implicit function theorem

r(x, y, z, s) =

∇xℒ
∇yℒ
∇zℒ
∇sℒ

= 0
r(x̄, θ) = 0

x̄ = (x, y, z, s)

∂x̄*
∂θ

= ( ∂r
∂x̄ )−1 ∂r

∂θ

min
x

f(x; θ)

 s.t.  g(x; θ) ≤ 0,
h(x; θ) = 0.

θ x̄*



• How do we know the gradient exists?

Implicit function theorem

A small change in  could yield a large jump in xinit x̄*



• How do we know the gradient exists?

Implicit function theorem

Suppose  is a minimizer of KKT residuals and the 
following three assumptions hold:


1. Second-order sufficiency conditions


2. Linear-independence constraint qualifications


3. Strict complementarity slackness


Then the IFT holds in the neighborhood  of 

r(x̄*, θ*) = 0

U θ* .



• How do we know the gradient exists?

Implicit function theorem

min
x

c(θ)T x

 s.t.  A(θ)x ≤ 0.

x*(θ1)

x*(θ2)

In this case, the previous theorem would state that a 
differentiable neighborhood does not exist in the 
neighborhood of  as a small change in parameters 
from, e.g.,  to  yields a discontinuous jump in 
solutions  and , respectively

θ1
θ1 θ2

x*(θ1) x*(θ2)



Case study
Actor-critic model predictive control

• Motivation: MPC is deployed to ultimately accomplish some task


• Can the MPC cost be automatically tuned to minimize downstream task loss?

Example: for Lunar rover driving, the MPC formulation might change across different mission 
modes and be subject to varying sets of constraints. How can the MPC formulation be 
efficiently updated to ensure the downstream task loss of reaching some goal is minimized?



• Uses an MPC-controller as the 
“actor” within RL actor-critic


• The “actor” network predicts the 
MPC cost function parameters and 
is trained to minimize task loss


• The aim is to update MPC cost 
parameters efficiently to complete 
downstream task of flying through 
track as quickly as possible

Case study
Actor-critic model predictive control



Case study
Actor-critic model predictive control

Romero, Song, & Scaramuzza [ICRA 2024]

MPC loss: LQR cost objective Task loss: fast flying through the track
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Romero, Song, & Scaramuzza [ICRA 2024]



• The actor neural network predicts the  and 
 parameters used in cost term


• The network outputs are propagated through 
an MPC solver to compute 


• The gradient  is computed through the 
MPC routine and used to train the actor NN

Qk
pk

x*

∇θJ(xk)

Case study
Actor-critic model predictive control

Romero, Song, & Scaramuzza [ICRA 2024]



Research directions
Differentiable NMPC

https://youtu.be/r42iJBw-L4E



Sensitivity analysis
What is old is new



Sensitivity analysis
What is old is new



Takeaways

• Applying ideas from reinforcement learning to optimal control sometimes 
necessitates differentiating through an optimization problem


• Implicit function theorem (IFT) provides the machinery to compute the 
sensitivity analysis between problem parameters  and solution 


• A nascent area of research is to develop differentiable solvers that satisfy the 
assumptions of IFT to differentiate through neural networks

θ x*



• F. Pacaud, “Sensitivity Analysis for Parametric Nonlinear Programming: A Tutorial”, arXiv:2504.1585, 
2025.
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