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• Until now, our class has focused on model-based trajectory optimization


• This allows us to make strong assumptions on the structure and form of the 
system dynamics, constraints, and objective function

Model-based optimal control

min
x0:N,u0:N

gN(xN) +
N−1

∑
k=0

g(xk, uk)

 s.t.  xk+1 = f(xk, uk; θ), k = 0,…, N − 1,
hi(xk, uk; θ) ≤ 0, k = 0,…, N .



• We recently extended it to settings with uncertainty: 

• e.g., Additive disturbances 


• Other sources of uncertainty include:

• Parameter uncertainty, dynamics mismatch, estimation/sensing noise

wk

Model-based optimal control
Stochastic setting

min
x0:N,u0:N

gN(xN) +
N−1

∑
k=0

g(xk, uk)

 s.t.  xk+1 = f(xk, uk, wk; θ), k = 0,…, N − 1,
hi(xk, uk; θ) ≤ 0, k = 0,…, N,
wk ∼ 𝒲 .



• What is reinforcement learning and how does it connect with optimal control?


• Where does machine learning arise in the context of reinforcement learning?


• What are different “flavors” of reinforcement learning?

Reinforcement learning
A primer



• Principle of Optimality by Richard Bellman [1957]:


“An optimal policy has the property that whatever the initial state and initial 
decision are, the remaining decisions must constitute an optimal policy with 

regard to the state resulting from the first decision.”


• Informally: the tail of an optimal trajectory is optimal too

Reinforcement learning
Preliminaries



Reinforcement learning
Preliminaries

k N

State trajectory

Control trajectory

s0

sk

Informally: the tail of an optimal trajectory is optimal too



Reinforcement learning
Preliminaries

k N

State trajectory

Control trajectory

s0

sk

Sub-trajectory  is optimal when starting from  at time  [uk, …, uN−1] sk k



Reinforcement learning
Preliminaries

Vk(z) = min
w

gk(z, w) + Vk+1( f(z, w))

• This tail optimality can also be expressed via the recursive definition of the 
cost-to-go Vk(z)



• Recall from our lecture on LQR that there were two key assumptions used to 
solve the problem:


• Search only over the control sequence  rather than the full state and action space


• Assume the cost-to-go is a quadratic function (“ansatz”)

{u0, …, uN−1}

Linear quadratic regulator

min
x0:N,u0:N

xNQgxN +
N−1

∑
k=0

xkQkxk + ukRkuk

 s.t.  xk+1 = Axk + Buk, k = 0,…, N − 1,
x0 = xinit .



• Recall from our lecture on LQR that there were two key assumptions used to 
solve the problem:


• Search only over the control sequence  rather than the full state and action space


• Assume the cost-to-go is a quadratic function (“ansatz”)


• We then recovered both a value function and a control policy

{u0, …, uN−1}

Linear quadratic regulator

Vk(z) =
1
2

zTPkz

uk = − Kkz πk(z) = − Kkz



• Utility of the value function and control policy


• The value function explicitly characterizes cost-to-go at time k starting from some state z 

• The policy yields the optimal control without having to explicitly solve from the control each iteration


• In a closed-loop setting, LQR allows us to regulate to some goal  in a 
receding horizon fashion


• Note:  and  are inextricably linked


•  is the cost-to-go while following policy 

xgoal

Vk(z) πk(z)
Vk(z) πk(z)

Linear quadratic regulator

Vk(z) =
1
2

zTPkz πk(z) = − Kkz



• LQR only works when

• The dynamics are deterministic and linear


• There are no state or control constraints


• How can we compute global policies when:

• Dynamics are highly nonlinear, discontinuous, or intractable to model?


• System experiencing stochastic transitions or uncertain parameters?


• Conventional trajectory optimization solvers are too brittle?

Reinforcement learning
Beyond LQR



• Model the system as a Markov decision process (MDP)


• Generic modeling formulation for decision making problems (beyond 
dynamical systems)

Reinforcement learning
Markov decision process

𝒮 State space

𝒰 Action/control space

xk+1 ∼ T(xk+1 |xk, uk) Transition distribution

Cost/reward function

Discount factorγ ∈ [0,1]

gk(xk, uk)



• Model the system as a Markov decision process (MDP)


• Simulate experiences and learn a value function and/or policy via data


• Approximate the optimal solution via exhaustive simulations

Reinforcement learning
Beyond LQR

Sutton & Barto [1998]



• Where does deep learning enter the picture?


• For LQR, the policy was linear and the cost-to-go was quadratic


• In general, we cannot make such strong assumptions for an arbitrary system


• Instead, a common approach is to employ function approximation and learn 
some parameters :ϕ

Reinforcement learning
Function approximation

Vk(z) =
1
2

zTPkz πk(z) = − Kkz

Vk(z) ≈ Vϕ,k(z) πk(z) ∼ πϕ,k(z)



• Instead, a common approach is to employ function approximation and learn 
some parameters :


• Neural networks: feedforward, RNN, LSTM, transformer, etc.


• Non-parametric (no  to learn): Gaussian processes, KNN, etc.

ϕ

ϕ

Reinforcement learning
Function approximation

Vk(z) ≈ Vϕ,k(z) πk(z) ∼ πϕ,k(z)



Reinforcement learning
Function approximation

• Aside: neural networks have a long history of use in optimal control

D. Pomerleau, “ALVINN: An Autonomous Land Vehicle in a Neural Network”, in Conf. On Neural Information Processing Systems, 1989.

https://www.youtube.com/watch?v=ntIczNQKfjQ


Reinforcement learning
Function approximation

• Aside: neural networks have a long history of use in optimal control


• What changed in the past decade? 

• Innovations in hardware (GPUs), machine learning libraries (cuda/PyTorch/TensorFlow), and simulators



• For deep reinforcement learning, the value and policy functions are updated 
using stochastic gradient descent (typically first-order update equations)

Reinforcement learning
Function approximation

Sample #1

Sample #2

Sample #3

ϕ(i+1) = ϕ(i) − α∇ϕℒ(𝒟)

πϕ,k(z), Vϕ,k(z)

𝒟
 is now called the learning rate 

(the same as step size)
α



• Variety of RL algorithms that vary in terms of the underlying MDP modeling 
assumptions


• The exploration vs. exploitation problem must be considered to trade off 
gathering new data to find right loss landscape


• RL is notoriously brittle - need to use the right function class, conduct 
architecture search, tune the optimizer hyperparameters

Reinforcement learning
Engineering considerations



Research directions

• Recently, there is a surge of interest in connecting techniques developed in 
the domain of reinforcement learning back into optimal control formulations



Model-based reinforcement learning
An MPC approach

Offline

Simulate experiences Estimate ̂f(xk, uk)

xk

uk
xk+1

Online

Solve optimal control problem

min
x,u

J(x, u)

xt+1 = ̂f(xt, ut)

xinit

xgoal

u*0



Value function learning

• Value function learning approaches seek to simulate a closed-loop MPC 
controller and use function approximation to learn the cost-to-go


• Key idea: learn long-horizon behavior offline (horizon ) and approximate 
value function for use with shorter horizon  (where )

N
Nh Nh < < N

J(x0:N, u0:N) = gN(xN) +
N−1

∑
k=0

gk(xk, uk) J(x0:Nh
, u0:Nh

) = Vϕ(xNh
) +

Nh−1

∑
k=0

gk(xk, uk)
Nh < < N

Vϕ(z) ≈ gN(z) +
N−1

∑
τ=Nh

gτ(zτ, uτ)



Value function learning

Offline

Simulate experiences Estimate ̂V(x)

xk V(xk)

Online

Solve optimal control problem

min
x,u

Vϕ(x)

xt+1 = f(xt, ut)

xinit

xgoal

u*0



Case study: drone racing
Differential flatness-based trajectory optimization

“Compared to Loo, the drones flew 
more cautiously but consistently. 
Their algorithms are still a work in 
progress. For example, the drones 
sometimes moved so fast that motion 
blur caused them to lose track of their 
surroundings…For the official laps, 
Loo averaged 11.1 seconds, 
compared to the autonomous drones, 
which averaged 13.9 seconds.”

https://www.nasa.gov/aeronautics/drone-race-human-versus-artificial-intelligence/

https://www.youtube.com/watch?v=SrqrGweKQAU


Case study: drone racing
End-to-end reinforcement learning

“Swift won several races against each 
of the human pilots and achieved the 
fastest race time recorded during the 
events. Our work marks the first time, 
to our knowledge, that an 
autonomous mobile robot achieved 
world-champion-level performance in 
a real-world competitive sport.”

E. Kaufmann, L. Bauersfeld, et al., “Champion-level drone racing using 
deep reinforcement learning”, in Nature, vol. 620, pp. 982 —987, 2023.

https://www.youtube.com/watch?v=fBiataDpGIo


Research directions
Value function learning



Research directions
Actor-critic MPC



Bridging optimal control and RL

Optimal Control


• Cost function


• Dynamics model


• Controller


• Cost-to-go (minimization)

Reinforcement Learning


• Reward function


• Transition function


• Policy


• Value (maximization)



Bridging optimal control and RL



Bridging optimal control and RL

https://castlelab.princeton.edu/Papers/AIOR_July2012.pdf



Takeaways

• Optimal control and RL are two sides of the same coin


• Both are modeling frameworks for solving sequential decision making 
problems under uncertainty


• RL classically has been considered “black box”, however approaches that 
interleave MPC and RL techniques are changing this perception


• Neither RL nor optimal control is “off-the-shelf” — performance of the 
controller/policy is sensitive to parameters and tuning
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