
Lecture 17 2025-10-21

Today: linear quadratic regulator

So far, the optimization problems we've

studied have been agnostic to the temporal

nature

of the optimal control problem

Today: how do we leverage the temporal nature

of the problem to solve the problem more

effectively?

Consider what's known as the discrete-time,

finite horizon linear quadratic regulator:
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This is " simply"a quadratic programs without

inequality constraints.

What structure can we exploit here?

↳ Note: the state trajectory implicitly follows

from the " control tape" no:n-,

Xo = Xintt

x, = Axo + Buo = Axent + Buo

✗ 2 = Ax, + Bu, = A (A ✗ one + Buo) + Bu, = A² Xent + A Buo + Bu,

✗ 3 = Axz + Buz = A (A²xenit + A Buo + Bu,) + Buze

= A' Xenix + A'Buo + A Bu, + Buz

:

Xn = A"✗ mit + AN"Buo t... + B un-,

⇒ rewrite in matrix form?
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Now we can plug this back into LQR equation:

→ J(6) = (Axim + + BUT
i
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= /I drag (Q"1.., Qg"²) (Axent + BI) 112 + Il diag (R"s..., R") I/12

So, writing the LQR problem in terms of  yields

an unconstrained optmal control problem that can

be solved analytically.

But can we do better than inverting a large (but sparse) matrix?



Bellman's Principle of Optimality:

"An optimal policy has the property that whatever

the initial state and initial decisions are, the

remaining decisions must constitute an optimal policy

with regard to the state resulting from the first

decisions."

R. Bellman, "An Introduction to the Theory of

Dynamic Programming", 1953.

Informally, we can now consider optimizing the

trajectory in terms of " tail optimality" and

introduce the

definition of a value function:

Value function: Vn: 113" → IR,

Vr (z)- men xnTQg Xn + 1En xIQxe tut Rue
Uk: N-1



Uk: N-1

subj. to: Xp =Z

Xtt, = AX + + But, t=k,...,N-1

This defines the optimum cost-to-go at a state z

and starting at time K.

How do we leverage this? From Bellman principle,

we can introduce the idea of tail optimality:

+ Vr+, (Az + Bw)Vr (z) = main ZᵗQZ + wTRw

optimum cost-to-go from
next state

stage
cost

How can we solve this?

→ We (1) apply recursion and

(2) make use of an ansatz (i.e., guess)

We assume: Vrt, (z) = zᵗ Prt, z where Prt, E S?

i. e. the cost-to-go is a quadratic function of state.

→ Vr (z) = main zTQz+ WTRW + (Az + Bw)t Prt, (Az + Bw)

Vrt, (Az + Bw)

to solve for optimal control, impose necessary conditions



to solve for optimal control, impose necessary conditions

of optimality:

2Vr (z)
Jw

= 2Rwt 2 BT Prt, But + 2Bᵗ Prt, Az: = 0

= 2 (R + Bt Prt, B) w* + 2 BT Prt, A z = 0

→ (R + Bt Prt, B) w"= - BT Prt, Az

→ w"= - (R + Bt Prt, B) "BT Prt, Az

If we plug this expression back into Vr (z):

Vp (z) = ZᵗPRZ

where Pr = Q + AT Prt, A-At Prt, B (R-BT Prt, B) " Bt Prt, A

and by construction: Pr ∈ 5?

SO W
* = - K p z where Kr = (R + Bt Prt, B) "Bt Ppt, A

i. e. the optimal policy is a linear state feedback.

Note: the optmal policy is a function of time k



How do we implement this?

LQR algorithm:

base case is: vn.cz) = zᵗQgz so Pn=Qg

1. Pn-Qs

2. for k= N-1,.., 0

Pr = Q + At Prt, A - At Prt, B (R + Bt Pa, BJ'BT Prt, A

Kn= - (R + BT Prt, B) "BT Prt, A


