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Nomenclature

• Optimal control


• Trajectory optimization


• Motion planning
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• Optimal control: solving for the control inputs for a dynamical system that 
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Nomenclature
Optimal control vs. trajectory optimization

• Optimal control: solving for the control inputs for a dynamical system that 
minimizes some cost function while satisfying system constraints


• Trajectory optimization: solving for the trajectory of control inputs for a 
dynamical system that minimizes some cost function while satisfying system 
constraints



Nomenclature
Motion planning

• Computing a sequence of actions that allows for a robot to navigate from an 
initial condition  to some terminal region  while avoiding collisions 
with obstacles and violating system constraints


Suggested readings: 

1. Planning Algorithms, Steven M. LaValle (2006), Cambridge University Press.


xinit 𝒳goal



Nomenclature
Motion planning

“While it is true that motion planning may be 
regarded as a special case of optimal control 
where the main distinguishing element is a 
(typically highly non-convex) collision-avoidance 
constraint on the robot’s state trajectory, the 
global combinatorial search necessitated by this 
non-convex constraint is truly the hallmark of a 
motion planning problem.”



Motion planning
Configuration space

• C-space: captures all rigid-body transformations that can be applied

Planning Algorithms, Steven M. LaValle (2006)
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Motion planning
Ingredients

• Determining the vertices

• Sampling configurations


• Sampling controls


• Connecting the edges

• Two-point boundary value problem (2PBVP)


• Collision checker



Motion planning
Optimal motion planning

min
x(t),u(t),tf ∫

t=tf

t=t0

J(x(t), u(t))dt

x(t0) = xinit
x(tf) ∈ 𝒳goal

·x(t) = f(x(t), u(t), t) ∀t ∈ [t0, tf]

x(t) ∈ 𝒳free ∀t ∈ [t0, tf]

subject to: 
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min
x(t),u(t),tf ∫

t=tf
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Boundary conditions



Motion planning
Optimal motion planning

min
x(t),u(t),tf ∫

t=tf

t=t0

J(x(t), u(t))dt

x(t0) = xinit
x(tf) ∈ 𝒳goal

·x(t) = f(x(t), u(t), t) ∀t ∈ [t0, tf]

x(t) ∈ 𝒳free ∀t ∈ [t0, tf]

subject to: 

Dynamics constraints



Motion planning
Optimal motion planning

min
x(t),u(t),tf ∫

t=tf

t=t0

J(x(t), u(t))dt

x(t0) = xinit
x(tf) ∈ 𝒳goal

·x(t) = f(x(t), u(t), t) ∀t ∈ [t0, tf]

x(t) ∈ 𝒳free ∀t ∈ [t0, tf]

subject to: 

Collision avoidance



MIPs for motion planning

• Last time, we focused on mixed-integer programs (MIPs) to solve 
combinatorial problems in robot planning and control


• While MIPs provide the “optimal” solution, in many practical settings, a 
feasible solution suffices



MIPs for motion planning



MIPs for motion planning

Pros

• For MICPs, finds globally optimal solution


• Optimization framework captures more challenging dynamical constraints


Cons

• Rewriting collision avoidance using integer constraints scales poorly


• Exponential complexity practically too slow for most systems



Grid-based planning

• Discretize the configuration space into a 
uniform grid


• Each grid cell is free or occupied


• Solve subsequent path planning problem 
using graph-search

https://upload.wikimedia.org/wikipedia/commons/2/23/
Dijkstras_progress_animation.gif



Grid-based planning
State lattices
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State lattices

Pros

• Simple and easy to use


• Many efficient and optimized implementations
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• Depends on the resolution (i.e., coarse grid —> no solution)


• Scales poorly with configuration space dimensionality
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• Many efficient and optimized implementations
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Combinatorial planning

• Construct an exact geometric representation of the free configuration space

Planning Algorithms, Steven M. LaValle (2006)



Combinatorial planning



Combinatorial planning

Pros

• Can formulate trajectory parameterizations that are guaranteed to lie within 

free space (e.g., Bezier curves)


Cons

• Explicit deconstruction of configuration space is computationally 

expensive


• Scales poorly with configuration space dimension



Sampling-based planning

• Key idea is to explore configuration space by (randomly) sampling 
configurations



Sampling-based planning
Probabilistic roadmap
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Sampling-based planning
Probabilistic roadmap

https://en.wikipedia.org/wiki/Probabilistic_roadmap#/
media/File:PRM_with_Ob-maps.gif



Sampling-based planning
Probabilistic roadmap

Pros

• Multi-query planning - can plan from multiple initial and 

goal configurations within the roadmap


Cons

• “Wasteful” computation of edges for parts of graph not 

relevant to planning problem


• Must reconstruct the whole graph each time obstacles 
change



Sampling-based planning
Rapidly exploring random tree
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Sampling-based planning
Rapidly exploring random tree



Sampling-based planning

Pros

• Single-query planning generally more effective for 

solving a single planning problem


Cons

• Must reconstruct the tree given a change in planning 

query or obstacle configuration

Rapidly exploring random tree
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• Can motion planners satisfy dynamical constraints?

• Can constraints from the original optimal control problem be enforced here?

• Can sampling-based planners find the globally optimal solution?

Questions

Probabilistic completeness: an algorithm ALG is probabilistically complete if, for any 
robustly feasible path planning problem ,𝒫 = (𝒳free, xinit, 𝒳goal)

 such that  is connected to  in  = 1lim
n→∞

ℙ({∃xgoal ∈ VALG
n ∩ 𝒳goal xinit xgoal GALG

n })

Asymptotic optimality: an algorithm ALG is asymptotically optimal if, for any path 
planning problem  and cost function  that admit 
a robustly optimal solution with finite cost 

𝒫 = (𝒳free, xinit, 𝒳goal) c : Σ → ℝ≥0
c*

ℙ({n → ∞
lim sup

YALG
n = c*}) = 1



• Can motion planners satisfy dynamical constraints?

• Can constraints from the original optimal control problem be enforced here?

• Can sampling-based planners find the globally optimal solution?

• Can sampling-based planners produce reproducible results?

Questions



Questions

J. A. Starek, “Sampling-Based Motion Planning for Safe and 
Efficient Spacecraft Proximity Operations,” PhD thesis, 2016.



• Difficult to enforce challenging dynamical constraints

• In practice do not find the globally optimal solution, but some algorithms have more favorable properties

• Plans continuous trajectories up to discretization of certain components (e.g., collision checker)

Takeaways
Sampling-based motion planning
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• Nearest neighbor search

• Collision checker

• Two-point boundary value problem

Software components



Broad applications
Surgical needle steering



Broad applications
Protein folding



• S. Karaman and E. Frazzoli, “Sampling-based algorithms for optimal motion planning,” Int. Journal of 
Robotics Research, vol. 30, no. 7, 2011.
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