
Lecture 11 2025-09-30

Last time: powered descent guidance

Today: planning over orientations

Complication: until now, we've been optimizing

over "flat" spaces, i.e., ✗ EIR"

vector addition! ✗ 3 = ×, + x2

Taylor series: f(x) ≈ f( ) + Vxf( JtSx

→ this no longer holds when considering rotations

Attitude: the rotational orientation of a rigid body

w-r-t- inertial frame

.
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• transform between FB and ⟂

Attitude determination : what is CBI, i.e., rotational

transformation between FB and FI?

Attitude control: controlling the spacecraft to yield

some desired pointing vector

> attitude determination & control system (ADCS)

Attitude:



Optimal control for attitude planning:

useful when there are challenging constraints

and a simple feedback controller doesn't

suffice

Will review three attitude parameterizations:

1. Direction cosine matrices

2- Euler angles

3. Quaternions

1. Direction cosine matrices (DCMS)

¥,

¥,

Z,

621

Fz

Z

^

Zz
ñ



1
¥,

£
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properties:

Cai G. = I ⇔ LI! = I

det/Cz,/= 1

→ special orthogonal group

5013) = {Re 1123×3

"manifold"

RT R-I and det/R1 = 1}



successive rotations: (3, = 632 (2,

R =Rw"

we °

kinematics:

Wz
- Wy

- Wz
0

Wx

Wy
- Wx

"skew-symmetric

matrix 11

e. g. , point spacecraft such that it ends up at Rf

N
E g (Rr, Wr)

k=O

subj. to: Ro = Rinet

Rn = Rf

Rp = RRWR

min

Ro: n, Wo:N

NOTE: active vs. passive rotation matrices

↳ today: passive DCMS

Downsides:

1. Rotations are inherently three degrees-of-freedom

but DCMs have 9 parameters

2. Need to stay "on manifold"

Rr ∈ 5063)

RR RR-I and det/Ral-1

→ these are highly nonlinear (non-convex)



→ these are highly nonlinear (non-convex)

constraints

3. Kinematics need to preserve momentum

R-Ray → Rrt, = Rr + At RWE

⇒ Attitude is related to three degree-of-freedom motion,

but DCMs are over parametrized

2. Enter angle

Today: (321-sequence
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First: yaw, rotate 4 about ∃,

Second: pitch, rotate ⊖ about Jo

Z
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Third: roll, rotate ∅ about 
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If (321 = (x (o) Cy (⊖) (z (4)

principal rotation

about 

Two singularities can occur when ⊖-12

1. (32,/0, 7/2, 4) = 0

Sm (∅-4)

cos (0-4)

°

cos (0-4)

- sm (0-4)

:

cannot " distinguish" ∅ and Y



cannot " distinguish" ∅ and Y

2. Kinematic singularity at ⊖ ⇒ 12

I
÷

Y

:

sm a fan ⊖

COS ∅

sin ∅ sec ⊖

cos ∅ ton ⊖

- Sm ∅

cos ∅ sect

WX
Wy
Waz

→ blows up at ⊖-1/2

Pro: intuitive to think about

Cons: run into singularities for large rotations

For translations: 1 (%.)-(E) 11, is distace

B not a "good"

distance
For rotation:
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Quadrotor trajectory generation:

Operate in 6- Dof

(i.e, translate and rotate)

but they are underactuated
⅓

TB 53

ZB

fi fr

£4

→ Differentially flat system for quadrotors

↳ can characterize configuration of system using only

flat outputs for system

→ D. Mellinger & V. Kumar, "Minimum Snap Trajectory

Generation and Control for Quadrotors", ICRA 2011.

→ Showed that one can plan over flat output

o (t) = (x, y, z, Y)Space

→ given (x (t), y (t), z (t), 4 (t)), can recover

w (t), Rct), ult)



w (t), Rct), ult),...

e.g., min

x (t), y (t), z(t), Y(t)

÷:

¥

= (double integrator)

Σ flx, ,y, Y, z, z, Y, Y)

Disadvantage: cannot enforce constraints for e.g, w (t)

without introducing nonlinearity

From last time: orientations are not "flat"

pitch-½ →

Czi(6, 0=1/2,4) =
sm (0-4) cos (0-4)

cos:-4) -sm (0-4)

÷

0

In Euclidean spaces: Hx-yllz is a valid distance measure

But with Euler angles



But with Euler angles,

e. g. ∅ = 100, 0=900, 4 = 20°

↳ 110,0, 4) -(0, 0,017 120°

0 0 - 1
sm (-100) cost-100)
cos (-100) -sin (-100) 8)

e.g. 0=0, 0=900, 4-10°

↳ 110,0, 4) -10,0010, = 100°

• 0 -1
62, = sm(-100) cos/-100) 0

COS (-100) -sm (-100) 0

(2, =

Terminology: Lie group

A group (4,0) consists of a set 6 with

a composition operator ◦ such that given

x, y, z e %, the following hold:



1. Closure under ◦

✗ oy ∈ 8

2. Identity E,
Eox = ✗ ◦ E-x

3. Inverse ':

✗ 'ox-xox-'= E

4. Associativity:

(xoy) oz = xolyoz)

Lie group: a group whose elements exist

on a smooth manifold

a space that locally looks

like the Euclidean space

e.g. Rational numbers: a group but not a Lie

group



1. Closure under • :

Q-{plqlp.ge 7,9-0}

P. • P2
91 q2 = Pi P2

9192
:= 3

93
E Q

→ Q has "holes", so not a part of a smooth manifold

e. g. Euclidean space IN is a Lie group

e. g. special orthogonal group:

50 (3) = {R / Re/123×3, RTR = I, detI R1 = 1}

Quaternions

Euler's Theorem: the most general motion of



a rigid body with one point fixed is a rotation

about an axis through that point

→ axis-angle representations

I, → Er

/ , J.

Σ,

Zz

Fz

½

a ⊖



Fz

→ rotation described as rotating ⊖ about at

(2, = cos ∅ 'I + (1-cosy) • at-sin ⊖ a- ×

skew-symmetric

matrix

→ Use this to define a quaternion:

qs
g.) =

q= COS ½

sin 02 at

3- scalar component

3- vector component

→ have a singularity free and vector representation

of the attitude

1. Quaternions are a" double cover"

☒
e.g. x2 →

"

ñ

q= cos ½

sink (?)

→ this is the same as rotating 25-⊖ about -♂

cos (2n ) = costs-012)

= Loss cos 92 + sm or sin 012

=-cos 0/2

sin (2^-9) = sm (r-0/2)

= smn cosh-cost smolz



= smn cosh-cost smolz

= SM 0/2

cos (2^-9) =
sin (2€) (%))

→ - 203012

- sm-02/8)
=-q

in practice, "canonicalize" the quaternion

↳ set q such that cos/9) ≥ 0

1030122. qᵗq =

sin ⊖/a

COS ⊖/2

smoka

cost 0/2 + sm²0/2ata = 20/2 + 50/2 = 1
=

→ norm constraint: 119112 = 1

Lie group of quaternions:

53 = {9611241 qᵗq = 1}

e. g. q-f (q,w) → qn+, = qrtDtflqr.ae)

won't have
unit norm

Advantages

1. Vector representation

2- Singularity free



2- Singularity free

Disadvantage

1." Double cover" of 5063)

2. Unit norm constraint

Successive rotations:

(31 = (32 (21

if Cz, = ((s,,u,) and (32 = (sz, v2),

then (32 = ((s3, v3) where

V3 = V," v2 + s, V2 + 520,

53 = 5,52-UTV2

Kinematics: q = {rlw)q

where r (w) =

9-

angular
velocity

9s
g.) "scalar

← vector

O - wt

w → ×



Trajectory optimization with quaternions:

Main challenges: 1. Deal with unit norm constraint

2. How to define distance metric

Different ways to write dynamics:

1. Enforce 11 gall, = I explicitly

→ qn+, = qut Dt f (qr, Wr)

11 gulla-1

I/grtille/

In practice: unit norm constraints are very brittle

2. 9kt, = get At flqn.ae)

11 an + At flarian) 112



an + At flarian) 112

Works "slightly" better

3. Lie group variational integrator

↳ specialized integrator to ensure

update equation stays "on manifold"

→ Preserve manifold constraint, but highly nonlinear

Cost functions:

On IN, Hx-yllz is a valid distance metric

On 53, q and-q are some notation

↳ 11g-C- g) 112 = 2

One possibility: given , and is,

ñ

ñz
10

, • ,= Huilla/liall, cos ∅

↳ want 0 → 0

q.gs = I/gill, 11 gills cos ∅ = cos ∅

want cos → 1

since cos 0 = 1

> d(q,, g) = 1 - 972/



Optmal control formulation: want to start

from q(to) = quit and drive system

to q(to) = goal

min

90: N, Wo: N,

To:N

E- 1- Iantast

ssubj.to: que, = 9h + Dt flanian)

11 grt Dt f (qr, walls

Wrt, = WR + At J" (Tn- Wr × Jwr)

Whin ≤ WR ≤ Wmay

Tmn ≤ Tr ≤ Tmax

J is + w x Jw =T


