
Lecture 3 2025-09-02

Last time: propagating ODES

Today: smooth, unconstrained optimization

myn f (x)

subject to: gi (x)-0 ⇐ 11..., nineg

he (x) =0 5=11.--, neg

- - ----

gradient: if f: IR" → IR and fee'

am, c. e. , f has a 1ˢᵗ

derivative

pf = (jan) E R



Hesston: if f: IR" → IR and fee

F has 2ⁿᵈ

derivative

ye = Oxx f = (of!? ataxia... ataxia

of/gynax, _.... Of/exp )

symmetric matrix in 112"

usage: construct 2ⁿᵈ-order approximation about

f (x) ≈ f (x) + Vx f ( )TSx + ½ SxtVxxf( )

Sx

+ higher order terms

-

e.g. flx)-Cx where CEIR"



→ * f(x)-C E IR"

- - - - - - - -

Jacobian: if f:/R" → IRM and fee'

y - Oft hx of/ax? Hi/axian

÷ :

2fm/gy ♂m/2xmdx, dfm/axman

usage: f (x) ≈ f (x) + J Sx + H.O.T.

e.g. if A = (II) E IR""

f (x) = Ax → If = A



- - -

min f (x)

β subj. to: gi (x) ≤0 ⇐ 1,..., nineg

hi (x)-O ⇐ 1,..., neg

feasible set for P:

D= {✗ EIR"Igi (x) ≤ O ∀EE [1, honey]

and hi (x) =D ∀ it [1, neg]}

E- ball:

Be (x) = Eye IR"/ d (x, y) ≤ e}

scalar case ↔ :-#

Local minimizer: ✗ * ESL is a local minimizer of



P if ∃ Be (X) for E > 0 such that:

fly) ≥ f (X) ∀ ye Be (Xt)

'¥i

Global minimizer: ✗ * er is a global

minimizer of P if f (y) ≥ f (x *) ∀ yer

Salient questions:

1. How to determine if * is a local

minimizer?

2. How many local minima are there?

3. Is a local minimizer the global one?

Categories:

- Convex vs. non-convex  W



- smooth vs. non-smooth W W

- Continuous us. discrete ✗ elk ✗ €7"

- Constrained us. unconstrained

- Deterministic vs. stochastic

-

Today's focus: smooth and unconstrained

P min f (x)

✗ ER" (unconstrained)

F E e² (smooth)

Comment on

notation:# we've used



subscripts to denote"time"

T.IE

we'll now use superscript to denote iteration:

✗ 10) gradients tep ✗ (1) gradientystep ✗ (2)

-

How does our definition of a local minimizer

pertain to solving T?

we want f (x) such that f (x * + Sx) ≥ f

(x) "close" to ✗ * →

f (x * + Sx) = f (x) + Of (F) Tsx

→ f (x#+ Sx)- f(x*)

= f (x *) + Of (✗ * IT Sx-f (Xt)

= ✓ f (x IS × ≥ 0

we want this to be true ∀ Sx → ☐ F (x) =D



How to solve for this? Use iterative approach

pseudo-code: given ✗ (b)

x (Rtl) = × (k)-A ☐ F (x (h))

if INT (x (n) 112 ≤ Eto,

terminate

A is the step size or learning rate

→ two ways we'll discuss today:

1. Newton's method

2- Bactracking line search

1. Newton's method: use 2ⁿᵈ-order Taylor

expansion

f (  + Sx) ≈ f ( ) + VF( ) Tsy + ½ sxtE ) Sx µ

= f ( ) + OF ( )TS ✗ + ½ ST H Sx: -F



→ ✓ ✗ F = of ( ) + H S x =D

→ Sx =-H-• of( ) =- (Oxxf( )5' Sx

d- (Vxxfl ))"

→ if f (x) is quadratic, Newton method will

converge in one iteration.

Since Newton method computes inverse of TxxFC )

requires 0(m³) flops → intractable for large n

2- backtracking bone search: pick largest

9>0 such that

f ( -dof ( )) < f ( )

two stronger alternatives include:



Wolfe conditions: if d' "is descent direction:

1. f (x cm + ad (n) ≤ f (x (n) + c, a d " "T OF (× (b) 1T£

on

2. -d 'DT ☐ f (x 'r) + ad (n) ≤-c, d' " ☐ f (✗ (m)

Ediftof

Strong Wolfe conditions:

includes preceding two conditions (Armijo

+ curvature) and adds:

3. I don't ☐ f (x cm + ad (n) 1 ≤ ↳ I dont ☐ f(✗ ch)/

-

Going back to P, pseudo-code:



given ✗ co)

for 5=1 → Nmax

d (R) = - ✗ f(✗ (k-17) 11 descent direction

choose A
Line search (✗ Cr-", DxFCXCK-D))

Newton (☐ ✗ f (x (k-t)), ☐ ✗ ✗ f (x (k-1)))

✗ (k) = ✗ (k) + a d (k)

if I/d 'k'IIe

break


