
Lecture 2 2025-08-28

Recap: guidance-navigation-controls vs.

sense-plan-act

Today: propagating differential equations

✗ ← IR": state vector of dimension nx

U ∈ IR"": control vector of dimension nu

Linear systems

continuous & time-varying:

x (t) = A (t)x (t) + B (t) u (t)

continuous & time-invariant:

* (t) = Ax (t) + Bu (t)

discrete & time-varying:

✗ Rt 1 = AR XR + BRUR

discrete & time-invariant:

XR+, = Axp + BUp



How to convert continuous LTI system to

discrete?

* = Ax + Bu → integrate over duration Dt

last time:  ≈ ✗ Rti-Xr = Axr + BUR

Dt

where we want It to be" small" relative

to the time constant of the dynamics

→ ✗ Rt, -XR = (AAA) Xp + (AAB) UR

→ Xr+, = (I + DFAT xp + (Dt B) ur

where I = (! ÷: ) is nxxnx identity

zero-order hold
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Can we do better for LTI systems?

✗ Rt, = (I + DAA) Xp + DA Bur &9frd

Flt)
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alternatively, evaluate at k+1:

* ≈ WET = A ✗ RH + Burt,

→ (I-DAA)xp+, = Xr + DA Burt, Elder:S

Are there better integration schemes?

→ Trapezoidal integration

→ Hermite-Simpson

→ Runge-Kutta (e.g., RK4, RK8)

→ higher-order methods to model x (t) and u

(t)

e. g. , pseudo spectral methods

'Analyticasolution-sviaexponentialmarixt



 = Ax + Bu solvelar form ☒ ax + by

✗ EIR", UER" ✗ EIR, UER

* =ax ← how to solve this?

solve with characteristic equation:

 = ax → s-a = 0 → x (t) = ✗ (to) eat

now add back in bult):

 (t)-ax (t) + bu (t) → -ax = bu

multiply by integrating factor eat:

e- at [x-ax] = éatbu



= eat;-act ×

* [ab] =: btab → * [é↑atx (t)]

→ integrate both sides from To to TF:

1?# [e- at x (t)] at = f! éatbu (t) It

→ eat ✗ (t)]??? = F. e- at bu (t) at

→ é"✗ (I)-éatox (To) = F: e- at bu (t) at

shuffle around terms & multiply by e "Tf:

→ eat"✗ (If) = éatox (to) + A eat bu (t) at



→ ✗ (Tf) = e- a(If-To) x (to) + AT e- at bu (t) It

- - - -- - - - --

Can we apply this approach to state space

eqn?

 (t) = A x (t) + Bu (t)

where ✗ ERM, we/R" , AER"", BEIR"¼

recall our approach with scalar version was:

1. assume solution takes exponential form

2- multiply by integrating factor eat

Exponential matrix: given AER""

°" KÉ

= CAFI + HE + 1¥ + +...



= I + At + AZ¥ + Ast +...

* [eat] = * [It + A + 7¥ + t3#+.]

= A + A A² + 12¥ +...

= A [I + + A + +2¥ +...]

etA

= Aeta

→ * [eat] = A eat = eat A

Comparisons between eat us_ eat:



1- e Altitta) - eat, e Atz

2. eAO = I

3. eAeB ≠ eAtB (only in certain

cases)

Now let's apply et"to the LTI system:

* (t) = Ax (t) + Bu (t)

→ -Ax = Bu left multiply by e- At

→ éAtE -A ×] = e- At Bu

= e- At -éAtAx

= # [e- at x (t)]



Integrate both sides between To to To

→ 1"* [e- at ✗ (t)] at = of e- At Bu (t) at

= é At x (t)]

= e- Atf ✗ (Tf)-e-Atox (To)

→ e- Atf x (Tf) = e- Att x (To) + 1? e- At Budt

→ ✗ (Tf) = eA (Tf-To) x (to) + 1. "• A (Tf-t) Bu

of

Let's change the variables around to get this

into a nicer form:

integrate over dT, let To-Oard Trt



→ x (t) = eat ✗ (o) + Not eat-7'Bu (x) dry

Eit, 0) ♀" Lt,T)

E (t, 0) & E (t, T) are called state transition

matrices

- - - -- - - -- - - - -

example: a common LTI system is

the double integrator!

* = (: b) ✗ + (9) u

say we have a robot arm with ng joints and

qE1Rⁿ9 is the vector of joint angles



& JER" is the vector of joint velocities

modeling the joints as a double integrator would

look like:

(:?) = ( %n?  ÷./(  + (÷

)"

where u ← 112"" is the force applied to each joint,

i. e. na-ng → u ER"

-

How can etA be computed if it's an infinite

expansion?

Cayley-Hamilton Thm: every square matrix

AER" "

satisfies its own characteristic equation



where the characteristic equation is

pA (x) = det/X I-A 1 = 0

e. A- (3 g) → det/⅓ ÷)-

→ (7- 3) (7-8)-(-4) (-5) = 22-117+24-20

= 72-117+4-0

CH says → A2-11A +4=0 → A- = 11A-4

→ A³ = A-A = (11A-4) A = I/A²-4A

= 121 A-44 -4A = 117A-44

A 4 = A³A & this procedure continues.



→ takeaway: can compute eta only with

A" !

- -- - - -

Linearity

A function f: IR" → IRM is linear if:

1. f (x + y) = f (x) + fly) ☑ x, y ← 112"

2. f (ax) = a f (x) ∀xelR", AER

e. g. , y=Ax where AEIM"

pt: 1. A (x, + x2) = Ax, + Axz =yityz ✓

2. A lax,)-a Ax, say, ✓



e. g. , y = Axtb where AERM" & berm

change of variables → [y] = [↑ 3) [Y]

ET FEE

→ y = A 

pf:

1. A- (x + 2)- (∄ })/¼ )

⇒ (Axitb + Axztb =/Axitb] + [Axatb]

1 + 1 ) I



1:;) 1 it 1: 111:)

= Ay, + Aja ✓

2. A- (a ,) = (Ao b1] [%] =/aAx,

tab]

a

= a [Axis]-as, ✓

-

- -----

Quick comment on complexity:

If A ERM", what is the complexity of

Ax?

pseudo-code:



for [= 1,..., m: #iterate over in rows

ye-0

for j= 1,..,n #iterate over n columns

ye#Atjoxj

→ matrix-vector multiplication is complexity O

(m-n)


